Dye-doped cholesteric liquid crystals with a helical pitch of the order of a wavelength have a strong effect on the fluorescence properties of dye molecules. This is a promising system for realizing tunable lasers at low cost. We apply a plane wave model to simulate the spontaneous emission from a layer of cholesteric liquid crystal. We simulate the spectral and angle dependence and the polarization of the emitted light as a function of the order parameter of the dye in the liquid crystal. Measurements of the angle dependent emission spectra and polarization are in good agreement with the simulations.
I. INTRODUCTION
The self-ordering and easy tunability of liquid crystals have already led to an impressive number of applications. Recently, the use of liquid crystals has been suggested in many types of devices such as tunable filters [1] , tunable optical chips [2] , nonlinear optical devices, etc. In this article we focus on light emission from liquid crystal devices. In past years liquid crystal lasers have been developed with interesting properties that are difficult to achieve in other laser systems, most notably tunability and low fabrication cost [3] .
Cholesteric liquid crystals (CLC), in which the director describes a helix with submicrometer pitch, are a class of materials with very interesting optical properties. The periodic structure of the CLC leads to a photonic band gap (PBG). Excited dye molecules inside the CLC no longer emit photons into the PBG region. When a sufficient number of dye molecules is excited, laser emission is observed at the edge of the band gap. Such lasers can be tuned by electrical [4] , mechanical [5] , or thermal [6] means. A more complete overview can be found in review papers [7, 8] .
The performance of light emitting liquid crystal devices may be significantly improved by using more advanced optical structures. In order to develop new optical architectures a fundamental understanding of the emission process and accurate numerical design tools are necessary. The propagation of light waves in an infinite CLC has been extensively studied over the past decades. Analytical solutions for propagation along the helical axis were found by de Vries [9] and Kats [10] . For propagation under oblique angles several approximate solution methods were proposed [11] in the 1980s. About 10 years later an analytical solution was found [12] . Numerical studies [13] of finite structures were made with Berreman's 4 × 4 method [14] .
The case of light propagation through a CLC is thus well understood. The problem of light emission from a CLC is more involved since the interaction between the emitting dipole and the electromagnetic modes and the finite dimensions of the structure have to be accounted for. The effects of the CLC on the fluorescence spectrum and polarization were first studied * lieven.penninck@elis.ugent.be by Pollmann et al. [15] for wavelengths much shorter than the PBG (known as the Mauguin regime). Recent studies [16] have focused on emission wavelengths near the PBG (Bragg regime). An analytical model for the spontaneous emission from a CLC in the normal direction has been proposed by Schmidtke and Stille [17] based on the electric field profile of the eigenmodes of the CLC. This analytical approach is limited to basic structures and directions for which the eigenmodes are known. For more complex structures and/or emission directions for which the eigenmodes are not known, "brute force" numerical methods such as FDTD (finite-difference time domain) [18] can be used. However, such methods consume a lot of computer time and memory.
In this work we simulate the spontaneous emission from a one-dimensional (1D) CLC stack based on a decomposition of the field in plane polarized waves [19] . The advantage of this method is that complex stacks can be modeled with very limited computational effort. We have used this method to investigate the angle and polarization dependence of the emitted spectrum and the influence of the orientation of the emitting dye. The simulation results are compared to the measured spectrum for different polarizations and emission angles.
The materials and experimental methods are detailed in Sec. II. A simplified analytical model and the detailed numerical formulas are explained in Secs. III A and III B, respectively. In Sec. IV the experimental, theoretical, and numerical results are compared and discussed.
II. EXPERIMENTAL PROCEDURE
For the experiments we use a mixture of the nematic liquid crystal E7 (Merck) with a chiral dopant BDH1305 (Merck) and a laser dye DCM (Exciton). The three materials are mixed in a ratio of 94.03%/5.07%/0.9% by weight, respectively. To determine the molecular order parameter S dye of the dye a mixture containing no chiral dopant is made (0.98%/99.02% by weight of DCM/E7). The mixtures are heated above the clearing point and then returned to room temperature; the mixtures were stirred throughout this process.
Premade single pixel cells (Instec) are filled with the mixtures by capillary action. The cells consist of two parallel glass plates, each covered with an indium tin oxide (ITO) electrode and a planar alignment layer. The glass plates are separated by 6.8 μm spacers and the rubbing direction is antiparallel. The cells are filled at 70
• C and are then slowly cooled to room temperature.
The transmission spectrum at normal incidence is measured using a transmission spectrophotometer (PerkinElmer Lambda 35). The emitted spectrum is measured using the setup depicted in Fig. 1 . A cw frequency-doubled Nd:YAG laser (λ = 532 nm) is used to excite the sample. The laser is passed through a variable attenuator to control the incident power and a polarizing beam splitter cube and quarter wave plate to ensure circular polarization of the excitation beam. The beam is then focused onto the sample by a lens. The sample is mounted onto a rotating stage to detect emission into different inclination angles α. A glass hemisphere allows the measurement of light emitted under angles which are otherwise trapped in the glass plates by total internal reflection. The hemisphere is optically coupled to the sample using an index matching gel. This technique allows us to measure the emission into the glass substrate with minimal reflection at the glass-air boundary, since any ray coming from the center of the hemisphere impinges normally on the hemisphere surface. The emitted light is collected by an optical fiber and detected using a spectrometer (Qwave 390-950 nm). To measure the degree of left-and right-handed circular polarization, an achromatic quarter wave plate and rotatable analyzer are placed in the path of the emitted light. For the measurement of the degree of orientation of the dye in the nonchiral mixture, the quarter wave plate is omitted. The angle between excitation and detection is fixed at 135
• , so the excitation beam is incident at 45
• for the measurement at α = 0
• .
III. NUMERICAL AND ANALYTICAL MODELING
The orientation of the liquid crystal director in a CLC with right-handedness is represented in Fig. 2 . The liquid crystal molecules form a right-handed helical structure. Over a pitch distance P the liquid crystal molecules have rotated a full 360
• around the helical axis.
The periodic variation of the director (pitch P ) creates a periodic variation in the dielectric tensor with period P /2. This one-dimensional variation generates a 1D photonic band gap (PBG) similar to a Bragg-type mirror. Inside the PBG the refractive index of one of the eigenmodes of propagation becomes imaginary (see, e.g., Ref. [20] ), meaning this mode is evanescent. The CLC acts as a perfect reflector for that mode. In literature different conventions are used to describe circular polarization and care must be taken when comparing different references. In this work we assume that the electric field of a circularly polarized plane wave propagating in the +z direction (to the right in Fig. 2 ) is
The + sign describes circularly polarized light with righthandedness (top in Fig. 2 ), the electric field vector E rotates from x to y with increasing z (describing a right-handed helix with increasing z). The − sign describes circularly polarized light with left-handedness (describing a left-handed helix with increasing z). If the LC director rotates with right-handedness, then the polarization with right-handedness is reflected in a certain spectral region [21] , the PBG. For an infinitely thick CLC, the reflection band in the perpendicular direction is defined by n o P < λ < n e P where n o and n e are the ordinary and extraordinary refractive indices of the liquid crystal.
The PBG has a remarkable effect on the light emission from dye molecules inside the CLC. Because evanescent waves do not carry any power (in a loss free medium), no light can be emitted in the PBG. Another interpretation is that the density of states in the PBG is zero (at least in the perpendicular direction) and as a result, the excited dye molecule cannot decay via emission of a photon with wavelength and polarization in the PBG.
Just outside of the PBG, waves can be emitted. At the edge of the PBG the reflection coefficient oscillates rapidly with the wavelength. Here the emitted light will be subject to strong interference effects. When the reflections are in phase, a peak will occur in the emission. When reflections are in antiphase, a minimum will be seen. This can also be interpreted as an increase (decrease) in the optical density of states.
A. Analytical solution for normal emission
The spectrum emitted by a fluorescent dye perpendicular to the substrate can be calculated using the known eigenmodes of the CLC [17] . In this section we will derive a simple formula for the location of the peaks in the emission spectrum at both sides of the PBG, depending on the thickness L of the CLC slab, for a dye molecule in the middle of the slab. The CLC is characterized by the pitch P and the dielectric properties of the liquid crystal ε avg = (n 
assuming the two circular polarization states are not coupled by reflection on the CLC. This condition holds for the eigenmodes of polarization in the CLC. r r/ l i is the complex amplitude reflection coefficient (at the emission site) for a plane wave (amplitude E r/ l i ) traveling to the right or left in Fig. 2 with polarization i.
When |1 − r l r r | becomes zero a discrete, infinite peak will be seen in the emitted spectrum. When |1 − r l r r | becomes small a finite peak will appear. For the polarization where a PBG exists r r/ l i can be near unity and sharp peaks in the emission spectrum occur. For the polarization where no PBG exists, r r/ l i is near zero and the spectrum of a dye in an infinite medium will be emitted.
For the reflection coefficient r for circularly polarized light normally incident on a CLC with pitch P , thickness L/2, and with the same handedness as the CLC an approximate analytical expression can be found [21] :
κ, k, and s are shorthand notation for
The power reflection coefficient of an infinitely thick CLC is found by taking the limit of Eq. (3) for L → ∞:
Inside the PBG (first condition) all power is reflected. Outside the PBG (second condition), the reflection coefficient varies as a sine squared. The distance between two maxima of reflection decreases with increasing thickness. The two edges of the PBG that can be found from the condition Eq. (5) are slightly different from the exact values n o P < λ < n e P . This deviation is due to the approximation k = 2π √ ε avg /λ for the wave vector in the CLC in Eq. (4), which in fact only holds for very small ε.
For a dye molecule in the middle of the CLC structure the thickness is L/2 in both directions and r r = r l = r. For the complex number r 2 , |r 2 | 1 and this amplitude varies much more slowly than the phase with changing wavelength. In this case, the quantity |1 − r 2 | will reach a minimum close to the wavelengths where r 2 is a real and positive number, in other words near arg(r 2 ) = 0. After some algebra this leads to the following conditions for the peak wavelengths: 
B. Plane wave expansion simulation
The emission from a CLC in the normal direction can be modeled with analytical methods [17] . However, for more complicated optical designs (e.g., different director configurations or optical cavities) the analytical approach becomes cumbersome. This is because the electric fields of the eigenmodes and/or reflection coefficients require lengthy calculations. In this section we describe a numerical method which allows us to simulate the emission from an anisotropic thin film stack in an arbitrary direction [19] .
The simulation is based on a plane wave expansion of the dipole field in an infinite homogeneous anisotropic medium. The plane waves are then modulated by the wide angle and multiple beam interferences that arise from reflections onto the one-dimensional CLC stack. The reflection of plane waves with given k-vector and arbitrary polarization on the CLC stack is described by a matrix method [22] . First the power emitted by a unit dipole P (λ,α) in a given CLC stack is calculated for each angle and wavelength separately. The spectral density at an angle α for a given CLC stack and dye S CLC (λ,α) is then obtained by weighing the emitted power with the normalized spectral density S 0 (λ) of the dye in E7, which is obtained by measuring the emission of a cell filled with a nonchiral mixture:
The described algorithm has been implemented in a numerical simulation program to obtain the simulation results described in the following sections. The cell is treated as a series of discrete slabs; each slab is characterized by its thickness, the refractive indices, and the orientation of the optic axis (see Fig. 3 ). For the simulations in this paper, we use 18 slabs per pitch of the CLC, so the optical axis in each slab is rotated over 20
• compared to the previous slab. The entire CLC thickness is assumed to be 18 pitches long. The two refractive indices of the CLC mixture are assumed to be equal to those of undoped E7 (n o,E7 = 1.53 − 1.51 and n e,E7 = 1.75 − 1.72 for λ = 500 − 780 nm), since only a small amount of dopant was added. In simulation P = 365 nm was used; for this pitch the simulated spectrum best matches the measured spectrum. The CLC region is bound by a 158-nm ITO (n ITO = 1.98 − 1.75 for λ = 500 − 780 nm) layer and a thick glass substrate on each side (for simplicity we ignore the alignment layers), and the emission into the glass substrate is calculated.
Simulations are carried out for three orientations of the transition dipole moment: parallel to the local LC director p // , perpendicular to the local LC director and the z axis p ⊥ , and parallel to the z axis p z . The degree of molecular orientation of the dye along the LC director is expressed via the order parameter S dye . For a distribution of dipoles with, respectively, #p // , #p ⊥ , and #p z dipoles along the 3 direction, S dye is given by Eq. (8), where we assume that in a uniaxial medium there is a uniform distribution of dipoles in the plane perpendicular to the extraordinary axis (#p ⊥ = #p z ) and #p // /#p ⊥ = ρ:
θ is the angle between the dipole moment and the LC director. When the dipole moment is randomly oriented S dye = 0. When the dipole moment aligns perfectly parallel (or perpendicular) to the director, S dye becomes 1 (or − 1/2). The order parameter is accounted for in simulations by taking a weighted average over the three dipole moments. The relative weight for the three dipoles is determined by measurement of the linear polarization ratio I // /I ⊥ = #p // /#p ⊥ in the nonchiral mixture. The emission for a cell, homogeneously doped with dye molecules, is found by incoherently adding the powers emitted by a representative ensemble of dipoles, namely three orthogonal dipoles in each slab of the CLC.
IV. RESULTS AND DISCUSSION
In this section we compare and discuss the simulations and experiments obtained with the methods described above. First we consider the polarization and spectrum emitted perpendicular to the substrate; afterwards the emission for other angles is analyzed.
First a transmission spectroscopy measurement of the CLC device has been performed to identify the dye absorption and PBG properties [ Fig. 4(a) ]. The transmission measurement was done using unpolarized light; the transmission drops to around 50% in the PBG (instead of 0% for right-handed circular polarized light). Figure 4 (a) also shows the simulated transmission (for unpolarized light) for different CLC thicknesses. In simulation the transmission also decreases to 50% as the thickness of the CLC increases. The absorption of the dye-doped CLC and reflection from the glass-air interfaces was neglected in the simulation. Figure 4(b) shows the measured fluorescence spectrum of the dye in E7 with homogeneous planar alignment for two different polarizations. I // /I ⊥ is obtained from the ratio of the emissions for parallel and perpendicular polarization for a nonchiral mixture with the director parallel to the alignment direction. For DCM in E7 the ratio is only weakly dependent on the wavelength and I // /I ⊥ = 3.7. This corresponds to an order parameter S dye = 0.47. Figure 5 displays the fluorescent emission from the CLC mixture in the normal direction. Figure 5 (a) compares the simulated spectrum for dipoles oriented completely parallel (green dash-dotted curve), perpendicular (red dashed curve), and randomly (blue solid curve). It is seen that a dipole parallel to the LC couples predominantly to the peak on the long wavelength side of the PBG. For dipoles perpendicular to the LC coupling to the short wavelength side is favored. Randomly oriented dipoles couple to both peaks. In Fig. 5(b) the measured spectrum is compared to the simulation for a random dipole (blue solid curve) and dipoles with order parameter S dye = 0.47 (red dashed curve). The previously measured value S dye = 0.47 yields a spectrum that more accurately matches the measured emission spectrum, in particular the peaks on the left-and right-hand sides of the PBG.
A. Polarization and spectrum in the normal direction
The peak locations given by the approximate formula Eq. (6) are compared to the measurement and simulation in the closeup in Fig. 5(b) . Equation (6) n o P n e P n o P n e P approximation made to derive Eq. (6)]. The second order peak is found by applying the method detailed in Sec. III A for a dipole at three quarters of the CLC thickness. The electric field of the second order peak is zero in the middle of the CLC, hence a dipole in the middle of the CLC does not couple to it.
The degree of circular polarization is expressed as the dissymmetry factor g e : g e = 2
I l − I r I l + I r .
g e = −2 and g e = 2 correspond to completely circularly polarized light, respectively, with left-and right-handedness. Figure 6 plots the measured and simulated g e . Inside the PBG only circular polarization with left-handedness is emitted and g e is close to − 2. The dipoles at the borders of the cell only experience a PBG on one side and therefore contribute also to the other circular polarization. At the edges of the PBG the emission of circular polarized light with right-handedness is strongly enhanced; as a consequence the overall g e suddenly becomes positive. The absolute value of g e is not as high as inside the PBG region since all dipoles still emit into both circular polarization states. Again the simulation which takes into account the order parameter (red dashed line) better matches the measured spectral dependency of g e , in particular the relative height of the peaks at the right-and left-hand side of the PBG. For a randomly oriented dipole both peaks are equally excited and the polarization is symmetric around the center of the PBG. For an emitter oriented along the LC director, the long wavelength peak is more strongly excited and the long wavelength peak becomes more polarized.
B. Emission into oblique angles
When a CLC is observed at more oblique angles, the PBG shifts towards shorter wavelengths. This is because the condition that the phase of the electric field changes by π over one period (for the central wavelength λ c of the PBG) is fulfilled for shorter wavelengths as the inclination angle α CLC in the CLC (α CLC ≈ α glass ) increases:
The shift of the PBG to shorter wavelengths is apparent in the emission spectrum of a CLC at higher angles (Figs. 7(a), 7(b), 7(c), and 7(d) show the emission spectrum at 10
• , 20
• , 30
• and 40
• , respectively). As the angle increases the PBG and peaks in the emission spectrum shift towards shorter wavelengths. At an angle of 20
• the left edge of the PBG is smaller than the excitation wavelength and this emission peak disappears. For even larger angles the entire PBG no longer overlaps with the emission spectrum of the dye and only a small modulation of the intrinsic spectrum S 0 is observed. The shift of the emission spectrum is accurately reproduced by the simulations (red solid curves).
For large angles (40
• ) the measured spectrum shows a modulation with the wavelength, which is also visible, but less pronounced in the simulation. This is caused by interference of reflections between the ITO boundaries. The period of the fringes is the same in measurement and simulation and is related to the thickness of the cell.
V. CONCLUSIONS
The fluorescence of a dye is significantly modified by doping it into a cholesteric liquid crystal. Emission is suppressed inside the stop band and enhanced near the band edge. A numerical method based on a plane wave expansion is used to model emission for normal and oblique angles. The same method is also applicable to more complex layer stacks. In previous models only propagation under oblique angles through CLC or normal emission was treated. Furthermore the presented method does not require knowledge of the eigenmodes of propagation and can be applied to very general configurations. The results of the numerical model are in good agreement with experimental results for the polarization and spectral properties of the emission. This numerical model is expected to facilitate the design of light emitting devices and dye lasers using liquid crystals.
